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NEW ESTIMATIONS FOR h−CONVEX FUNCTIONS VIA
FURTHER PROPERTIES
MEVLU¨T TUNC¸♣ AND HU¨SEYIN YILDIRIM♠
Abstract. In this paper, some new inequalities of the Hermite-Hadamard
type for h− convex functions whose modulus of the derivatives are h-convex
and applications for special means are given.
1. Introduction
The following definition is well known in the literature [11]: A function f : I → R,
∅ 6= I ⊆ R, is said to be convex on I if inequality
(1.1) f (tx+ (1− t) y) ≤ tf (x) + (1− t) f (y)
holds for all x, y ∈ I and t ∈ [0, 1]. Geometrically, this means that if P,Q and R
are three distinct points on the graph of f with Q between P and R, then Q is on
or below chord PR.
Let f : I ⊆ R → R be a convex function and a, b ∈ I with a < b. The following
double inequality:
(1.2) f
(
a+ b
2
)
≤ 1
b− a
∫ b
a
f (x) dx ≤ f (a) + f (b)
2
is known in the literature as Hadamard’s inequality (or H-H inequality) for convex
function. Keep in mind that some of the classical inequalities for means can come
from (1.2) for convenient particular selections of the function f . If f is concave,
this double inequality hold in the inversed way.
Definition 1. [8] We say that f : I → R is Godunova-Levin function or that f
belongs to the class Q (I) if f is non-negative and for all x, y ∈ I and t ∈ (0, 1) we
have
(1.3) f (tx+ (1− t) y) ≤ f (x)
t
+
f (y)
1− t .
Definition 2. [6] We say that f : I ⊆ R → R is a P−function or that f belongs
to the class P (I) if f is nonnegative and for all x, y ∈ I and t ∈ [0, 1] , we have
(1.4) f (tx+ (1− t) y) ≤ f (x) + f (y) .
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Definition 3. [9] Let s ∈ (0, 1] . A function f : (0,∞] → [0,∞] is said to be
s−convex in the second sense if
(1.5) f (tx+ (1− t) y) ≤ tsf (x) + (1− t)s f (y) ,
for all x, y ∈ (0, b] and t ∈ [0, 1]. This class of s−convex functions is usually
denoted by K2s .
In 1978, Breckner introduced s−convex functions as a generalization of convex
functions in [3]. Also, in that work Breckner proved the important fact that the
set valued map is s−convex only if the associated support function is s−convex
function in [4]. A number of properties and connections with s-convex in the first
sense are discussed in paper [9]. Of course, s−convexity means just convexity when
s = 1.
Definition 4. [14] Let h : J ⊆ R → R be a positive function . We say that
f : I ⊆ R→ R is h−convex function, or that f belongs to the class SX (h, I), if f
is nonnegative and for all x, y ∈ I and t ∈ [0, 1] we have
(1.6) f (tx+ (1− t) y) ≤ h (t) f (x) + h (1− t) f (y) .
If inequality (1.6) is reversed, then f is said to be h−concave, i.e. f ∈ SV (h, I).
Obviously, if h (t) = t, then all nonnegative convex functions belong to SX (h, I)
and all nonnegative concave functions belong to SV (h, I); if h (t) = 1t , then
SX (h, I) = Q (I); if h (t) = 1, then SX (h, I) ⊇ P (I); and if h (t) = ts, where
s ∈ (0, 1), then SX (h, I) ⊇ K2s .
Remark 1. [14]Let h be a non-negative function such that
(1.7) h (α) ≥ α
for all α ∈ (0, 1). For example, the function hk(x) = xk where k ≤ 1 and x > 0
has that property. If f is a non-negative convex function on I , then for x, y ∈ I ,
α ∈ (0, 1) we have
(1.8) f (αx+ (1− α)y) ≤ αf(x) + (1 − α)f(y) ≤ h(α)f(x) + h(1− α)f(y).
So, f ∈ SX(h, I). Similarly, if the function h has the property: h(α) ≤ α for all
α ∈ (0, 1), then any non-negative concave function f belongs to the class SV (h, I).
For recent results and generalizations concerning h−convex functions see [2, 5,
12-14] and references therein.
In [7], the following theorem which was obtained by Dragomir and Agarwal
contains the Hermite-Hadamard type integral inequality.
Theorem 1. [7] Let f : I◦ ⊆ R → R be a differentiable mapping on I◦, a, b ∈ I◦
with a < b. If |f ′| is convex on [a, b], then the following inequality holds:
(1.9)
∣∣∣∣∣f (a) + f (b)2 − 1b− a
∫ b
a
f (u)du
∣∣∣∣∣ ≤ (b− a) (|f
′ (a)|+ |f ′ (b)|)
8
.
In [10] Kavurmaci et. al. used the following lemma and introduced some new
Hermite-Hadamard type inequalities:
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Lemma 1. [10]Let f : I ⊆ R→ R be a differentiable mapping on I◦, where a, b ∈ I
with a < b. If f ′ ∈ L [a, b], then the following equality holds:
(b− x) f (b) + (x− a) f (a)
b− a −
1
b− a
∫ b
a
f (u)du(1.10)
=
(x− a)2
b− a
∫ 1
0
(t− 1) f ′ (tx+ (1− t) a) dt
+
(b− x)2
b− a
∫ 1
0
(1− t) f ′ (tx+ (1− t) b) dt.
Theorem 2. [10] Let f : I ⊆ R → R be a differentiable mapping on I◦ sucht hat
f ′ ∈ L [a, b] , where a, b ∈ I with a < b. If |f ′| pp−1 is convex on [a, b] and for some
fixed q > 1, then the following inequality holds:∣∣∣∣∣(b− x) f (b) + (x− a) f (a)b− a − 1b− a
∫ b
a
f (u)du
∣∣∣∣∣(1.11)
≤
(
1
1 + p
) 1
p
(
1
2
) 1
p
×

 (x− a)2 [|f ′ (a)|q + |f ′ (x)|q] 1q + (b− x)2 [|f ′ (x)|q + |f ′ (b)|q] 1q
b− a


for each x ∈ [a, b] and q = pp−1 .
In [1], Barani et. al. proved a variant of Hadamard’s inequality which holds for
s−convex functions in the second sense.
Theorem 3. [1] Let f : I ⊆ R+ → R be a differentiable mapping on I◦ and
a, b ∈ I◦ with a < b. If |f ′| pp−1 is s−convex on [a, b] in the second sense, for some
fixed s ∈ (0, 1] . Then the following inequality holds,∣∣∣∣∣(b − x) f (b) + (x− a) f (a)b− a − 1b− a
∫ b
a
f (u) du
∣∣∣∣∣(1.12)
≤
(
1
1 + p
) 1
p
(
1
s+ 1
) 1
q
{
(x− a)2
b − a
(
|f ′ (x)|q + [|f ′ (a)|q] 1q )
+
(b− x)2
b− a
(
|f ′ (x)|q + [|f ′ (b)|q] 1q )
}
,
where q = pp−1 .
The main purpose of this paper is to establish refinements inequalities of the
results in [10]. We obtained new inequalities related to the right-hand side of
Hermite-Hadamard inequality for functions when a power of whose first derivatives
in absolute values is h−convex. Then, we give some applications for special means
of real numbers.
2. Main Results
In this section we introduce some Hermite-Hadamard type inequalities for h-
convex functions with corollaries and remarks.
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Theorem 4. Let f : I ⊆ R→ R be a differentiable mapping on I◦, where a, b ∈ I
with a < b such that f ′ ∈ L [a, b] and h is supermultiplicative and nonnegative such
that h (α) ≥ α. If |f ′| is h−convex on [a, b] , then∣∣∣∣∣(b− x) f (b) + (x− a) f (a)b− a − 1b− a
∫ b
a
f (u) du
∣∣∣∣∣(2.1)
≤ (x− a)
2
b− a
(
|f ′ (x)|
∫ 1
0
h ((1− t) t) dt+ |f ′ (a)|
∫ 1
0
h
(
(1− t)2
)
dt
)
+
(b− x)2
b− a
(
|f ′ (x)|
∫ 1
0
h ((1− t) t) dt+ |f ′ (b)|
∫ 1
0
h
(
(1− t)2
)
dt
)
Proof. From Lemma 1, we have∣∣∣∣∣ (b− x) f (b) + (x− a) f (a)b− a − 1b− a
∫ b
a
f (u)du
∣∣∣∣∣
=
∣∣∣∣∣ (x− a)
2
b− a
∫ 1
0
(t− 1) f ′ (tx+ (1− t) a) dt
+
(b− x)2
b− a
∫ 1
0
(1− t) f ′ (tx+ (1− t) b) dt
∣∣∣∣∣
≤ (x− a)
2
b− a
∫ 1
0
(1− t) |f ′ (tx+ (1− t) a)| dt
+
(b− x)2
b− a
∫ 1
0
(1− t) |f ′ (tx+ (1− t) b)| dt
Since |f ′| is h−convex, then we obtain∣∣∣∣∣(b− x) f (b) + (x− a) f (a)b− a − 1b− a
∫ b
a
f (u) du
∣∣∣∣∣
≤ (x− a)
2
b− a
∫ 1
0
(1− t) (h (t) |f ′ (x)|+ h (1− t) |f ′ (a)|) dt
+
(b− x)2
b− a
∫ 1
0
(1− t) (h (t) |f ′ (x)|+ h (1− t) |f ′ (b)|) dt
≤ (x− a)
2
b− a
(
|f ′ (x)|
∫ 1
0
h (1− t)h (t) dt+ |f ′ (a)|
∫ 1
0
h2 (1− t) dt
)
+
(b− x)2
b− a
(
|f ′ (x)|
∫ 1
0
h (1− t)h (t) dt+ |f ′ (b)|
∫ 1
0
h2 (1− t) dt
)
≤ (x− a)
2
b− a
(
|f ′ (x)|
∫ 1
0
h ((1− t) t) dt+ |f ′ (a)|
∫ 1
0
h
(
(1− t)2
)
dt
)
+
(b− x)2
b− a
(
|f ′ (x)|
∫ 1
0
h ((1− t) t) dt+ |f ′ (b)|
∫ 1
0
h
(
(1− t)2
)
dt
)
which completes the proof. 
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Corollary 1. In Theorem 4, if we choose x = a+b2 , we get
∣∣∣∣∣f (a) + f (b)2 − 1b− a
∫ b
a
f (u) du
∣∣∣∣∣
≤ b− a
4
(
2
∣∣∣∣f ′
(
a+ b
2
)∣∣∣∣
∫ 1
0
h ((1− t) t) dt+ (|f ′ (a)|+ |f ′ (b)|)
∫ 1
0
h
(
(1− t)2
)
dt
)
Corollary 2. In Corollary 1, using the h−convexity of |f ′|, we have
∣∣∣∣∣f (a) + f (b)2 − 1b − a
∫ b
a
f (u) du
∣∣∣∣∣
≤ b− a
4
(|f ′ (a)|+ |f ′ (b)|)
(
2h
(
1
2
)∫ 1
0
h ((1− t) t) dt+
∫ 1
0
h
(
(1− t)2
)
dt
)
.
Corollary 3. In Corollary 2, if we choose h (t) = t, we have
∣∣∣∣∣f (a) + f (b)2 − 1b− a
∫ b
a
f (u) du
∣∣∣∣∣
≤ b− a
4
(|f ′ (a)|+ |f ′ (b)|)
(∫ 1
0
(1− t) tdt+
∫ 1
0
(1− t)2 dt
)
=
b− a
8
(|f ′ (a)|+ |f ′ (b)|)
which is the inequality in (1.9).
Theorem 5. Let f : I ⊆ R→ R be a differentiable mapping on I◦, where a, b ∈ I
with a < b, such that f ′ ∈ L [a, b] and h : I ⊆ R → R be a nonnegative such that
h ∈ L [0, 1] . If |f ′| pp−1 is h−convex on [a, b] and for some fixed q > 1, then
∣∣∣∣∣ (b− x) f (b) + (x− a) f (a)b− a − 1b − a
∫ b
a
f (u) du
∣∣∣∣∣(2.2)
≤
(
1
1 + p
) 1
p
{
(x− a)2
b − a
(
|f ′ (x)|q
∫ 1
0
h (t) dt+ |f ′ (a)|q
∫ 1
0
h (1− t) dt
) 1
q
+
(b− x)2
b− a
(
|f ′ (x)|q
∫ 1
0
h (t) dt+ |f ′ (b)|q
∫ 1
0
h (1− t) dt
) 1
q
}
for each x ∈ [a, b] and q = pp−1 .
Proof. From Lemma 1 and using the well-known Ho¨lder integral inequality, we
obtain
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∣∣∣∣∣(b− x) f (b) + (x− a) f (a)b− a − 1b− a
∫ b
a
f (u) du
∣∣∣∣∣
≤ (x− a)
2
b− a
∫ 1
0
(1− t) |f ′ (tx+ (1− t) a)| dt
+
(b− x)2
b− a
∫ 1
0
(1− t) |f ′ (tx+ (1− t) b)| dt
≤
(∫ 1
0
(1− t)p dt
) 1
p
{
(x− a)2
b− a
(∫ 1
0
|f ′ (tx+ (1− t) a)|q dt
) 1
q
+
(b− x)2
b− a
(∫ 1
0
|f ′ (tx+ (1− t) b)|q dt
) 1
q
}
Hence, by h−convexity of |f ′|q , we have∣∣∣∣∣ (b− x) f (b) + (x− a) f (a)b− a − 1b − a
∫ b
a
f (u) du
∣∣∣∣∣
≤
(
1
1 + p
) 1
p
{
(x− a)2
b − a
(
|f ′ (x)|q
∫ 1
0
h (t) dt+ |f ′ (a)|q
∫ 1
0
h (1− t) dt
) 1
q
+
(b− x)2
b− a
(
|f ′ (x)|q
∫ 1
0
h (t) dt+ |f ′ (b)|q
∫ 1
0
h (1− t) dt
) 1
q
}
which completes the proof. 
Corollary 4. In Theorem 5, if we choose h (t) = t, inequality (2.2) is reduces to
(1.11)
Corollary 5. In Theorem 5, if we choose h (t) = ts, inequality (2.2) is reduces to
(1.12)
Corollary 6. In Theorem 5, if we choose h (t) = 1, then we obtain an integral
inequality for P−functions∣∣∣∣∣(b − x) f (b) + (x− a) f (a)b− a − 1b− a
∫ b
a
f (u) du
∣∣∣∣∣
≤
(
1
1 + p
) 1
p
[
(x− a)2 + (b− x)2
b− a
(|f ′ (x)|q + |f ′ (a)|q) 1q
]
.
Remark 2. ◦In Theorem 5, choosing x = a, we get∣∣∣∣∣f (b)− 1b− a
∫ b
a
f (u) du
∣∣∣∣∣
≤ (b− a)
(
1
1 + p
) 1
p
(
|f ′ (a)|q
∫ 1
0
h (t) dt+ |f ′ (b)|q
∫ 1
0
h (1− t) dt
) 1
q
.
◦In Theorem 5, choosing x = b, we get
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∣∣∣∣∣f (a)− 1b− a
∫ b
a
f (u) du
∣∣∣∣∣
≤ (b− a)
(
1
1 + p
) 1
p
(
|f ′ (b)|q
∫ 1
0
h (t) dt+ |f ′ (a)|q
∫ 1
0
h (1− t) dt
) 1
q
.
◦In Theorem 5, choosing x = a+b2 , we get
∣∣∣∣∣f (b) + f (a)2 − 1b− a
∫ b
a
f (u) du
∣∣∣∣∣
≤ (b− a)
4
(
1
1 + p
) 1
p
{(∣∣∣∣f ′
(
a+ b
2
)∣∣∣∣
q ∫ 1
0
h (t) dt+ |f ′ (a)|q
∫ 1
0
h (1− t) dt
) 1
q
+
(∣∣∣∣f ′
(
a+ b
2
)∣∣∣∣
q ∫ 1
0
h (t) dt+ |f ′ (b)|q
∫ 1
0
h (1− t) dt
) 1
q
}
.
◦In Theorem 5, choosing x = a+b2 and f ′
(
a+b
2
)
= 0, we get
∣∣∣∣∣f (b) + f (a)2 − 1b− a
∫ b
a
f (u) du
∣∣∣∣∣
≤ (b− a)
4
(
1
1 + p
) 1
p
[
(|f ′ (a)|+ |f ′ (b)|)
(∫ 1
0
h (t) dt
) 1
q
]
.
Theorem 6. Let f : I ⊆ R→ R be a differentiable mapping on I◦, where a, b ∈ I
with a < b, such that f ′ ∈ L [a, b] and h : I ⊆ R → R be a nonnegative and
supermultiplicative such that h ∈ L [0, 1] and h (t) ≥ t. If |f ′|q is h−convex on [a, b]
and for some fixed q > 1, then
∣∣∣∣∣(b − x) f (b) + (x− a) f (a)b− a − 1b− a
∫ b
a
f (u) du
∣∣∣∣∣
≤
(∫ 1
0
h (1− t) dt
)1− 1
q
×
{
(x− a)2
b− a
(
|f ′ (x)|q
∫ 1
0
h
(
t− t2) dt+ |f ′ (a)|q ∫ 1
0
h
(
(1− t)2
)
dt
) 1
q
+
(b− x)2
b− a
(
|f ′ (x)|q
∫ 1
0
h
(
t− t2) dt+ |f ′ (b)|q ∫ 1
0
h
(
(1− t)2
)
dt
) 1
q
}
for each x ∈ [a, b] .
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Proof. From Lemma 1 and using the power-mean inequality for q ≥ 1 and p = qq−1
we obtain∣∣∣∣∣(b − x) f (b) + (x− a) f (a)b− a − 1b− a
∫ b
a
f (u) du
∣∣∣∣∣
≤ (x− a)
2
b− a
∫ 1
0
(1− t) |f ′ (tx+ (1− t) a)| dt
+
(b− x)2
b− a
∫ 1
0
(1− t) |f ′ (tx+ (1− t) b)| dt
≤
(∫ 1
0
(1− t) dt
)1− 1
q
{
(x− a)2
b− a
(∫ 1
0
(1− t) |f ′ (tx+ (1− t) a)|q dt
) 1
q
+
(b− x)2
b− a
(∫ 1
0
(1− t) |f ′ (tx+ (1− t) b)|q dt
) 1
q
}
Hence, by h−convexity of |f ′|q , we get
∣∣∣∣∣ (b− x) f (b) + (x− a) f (a)b− a − 1b− a
∫ b
a
f (u) du
∣∣∣∣∣
≤
(∫ 1
0
(1− t) dt
)1− 1
q
{
(x− a)2
b− a
(∫ 1
0
(1− t) |f ′ (tx+ (1− t) a)|q dt
) 1
q
+
(b− x)2
b− a
(∫ 1
0
(1− t) |f ′ (tx+ (1− t) b)|q dt
) 1
q
}
≤
(∫ 1
0
h (1− t) dt
)1− 1
q
{
(x− a)2
b− a
(∫ 1
0
h (1− t){h (t) |f ′ (x)|q + h (1− t) |f ′ (a)|q} dt)
1
q
+
(b− x)2
b− a
(∫ 1
0
h (1− t){h (t) |f ′ (x)|q + h (1− t) |f ′ (b)|q} dt)
1
q
}
which completes the proof. 
Corollary 7. In Theorem 6, choosing x = (a+ b) /2 and then using the h−convexity
of |f ′|q , we get
∣∣∣∣∣f (a) + f (b)2 − 1b− a
∫ b
a
f (u) du
∣∣∣∣∣
≤ b− a
4
(∫ 1
0
h (1− t) dt
) 1
p
{(∣∣∣∣f ′
(
a+ b
2
)∣∣∣∣
q ∫ 1
0
h
(
t− t2) dt+ |f ′ (a)|q ∫ 1
0
h
(
(1− t)2
)
dt
) 1
q
+
(∣∣∣∣f ′
(
a+ b
2
)∣∣∣∣
q ∫ 1
0
h
(
t− t2) dt+ |f ′ (b)|q ∫ 1
0
h
(
(1− t)2
)
dt
) 1
q
}
.
INEQUALITIES FOR h−CONVEX FUNCTIONS 9
Remark 3. In Corollary 7, choosing h (t) = t, we get∣∣∣∣∣f (a) + f (b)2 − 1b− a
∫ b
a
f (u) du
∣∣∣∣∣
≤ b− a
4
(
1
2
) 1
p
(
1
3
) 1
q
{(
1
2
∣∣∣∣f ′
(
a+ b
2
)∣∣∣∣
q
+ |f ′ (a)|q
) 1
q
+
(
1
2
∣∣∣∣f ′
(
a+ b
2
)∣∣∣∣
q
+ |f ′ (b)|q
) 1
q
}
Corollary 8. In Corollary 7, if we choose h (t) = 1, then we obtain an integral
inequality for P−functions∣∣∣∣∣f (a) + f (b)2 − 1b− a
∫ b
a
f (u) du
∣∣∣∣∣
≤ b− a
4
{(∣∣∣∣f ′
(
a+ b
2
)∣∣∣∣
q
+ |f ′ (a)|q
) 1
q
+
(∣∣∣∣f ′
(
a+ b
2
)∣∣∣∣
q
+ |f ′ (b)|q
) 1
q
}
≤ b− a
2
(|f ′ (a)|+ |f ′ (b)|) .
3. Applications to Special Means
We now consider the applications of our Theorems to the following special means
The quadratic mean:
K = K (a, b) :=
√
a2 + b2
2
a, b ≥ 0,
The arithmetic mean:
A = A (a, b) :=
a+ b
2
, a, b ≥ 0,
The geometric mean:
G = G (a, b) :=
√
ab, a, b ≥ 0,
The logarithmic mean:
L = L (a, b) :=
{
a if a = b
b−a
ln b−ln a if a 6= b
, a, b ≥ 0
The p-logarithmic mean:
Lp = Lp (a, b) :=
{ [
bp+1−ap+1
(p+1)(b−a)
]1/p
if a 6= b
a if a = b
,
p ∈ R\ {−1, 0} ; a, b > 0.
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Proposition 1. Let a, b ∈ R, 0 < a < b and n ∈ Z, |n| ≥ 1. Then, the following
inequality holds,
(3.1) |A (an, bn)− Lnn (a, b)| ≤ |n|
b− a
12
(
An−1 (a, b) + 2A
(
an−1, bn−1
))
.
Proof. If we apply Corollary 1 for f (x) = xn, h (t) = t where x ∈ R, n ∈ Z, |n| ≥ 1,
we get the proof (3.1). 
Proposition 2. Let a, b ∈ R, 0 < a < b and n ∈ Z, |n| ≥ 1. Then, we have:
(3.2)
∣∣A (a−1, b−1)− L−1 (a, b)∣∣ ≤ b− a
12
(
1
A2 (a, b)
+
2K2 (a, b)
G4 (a, b)
)
Proof. The proof is immediate from Corollary 1 applied for f(x) = 1x , x ∈ [a, b]
and h (t) = t. 
Proposition 3. Let a, b ∈ R, 0 < a < b and n ∈ Z, |n| ≥ 1. Then, the following
inequality holds,
(3.3) |A (an, bn)− Lnn (a, b)| ≤
b− a
4
|n|A (an−1, bn−1) .
Proof. The assertion follows from Corollary 2 applied to f(x) = xn, h (t) = t where
x ∈ R, n ∈ Z, |n| ≥ 1. 
Proposition 4. Let a, b ∈ R, 0 < a < b and n ∈ Z, |n| ≥ 1. Then, we have:
(3.4)
∣∣A (a−1, b−1)− L−1 (a, b)∣∣ ≤ b− a
8
2K2 (a, b)
G4 (a, b)
Proof. The assertion follows from Corollary 2 applied to f(x) = 1x , x ∈ [a, b] and
h (t) = t. 
Proposition 5. Let a, b ∈ R, 0 < a < b and n ∈ Z, |n| ≥ 1. Then, for all q > 1 :
|A (an, bn)− Lnn (a, b)|(3.5)
≤ |n| (b− a) (2) 1q−3 (3)− 1q
{(
Aq(n−1) (a, b)
2
+ aq(n−1)
) 1
q
+
(
Aq(n−1) (a, b)
2
+ bq(n−1)
) 1
q
}
.
Proof. If we apply Corollary 7 for f(x) = xn where x ∈ R, n ∈ Z, |n| ≥ 1, we get
the proof (3.5). 
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